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The δN formula for the primordial urvature perturbation ζ is extended to inlude vetor as well
as salar elds. Formulas for the tree-level ontributions to the spetrum and bispetrum of ζ are
given, exhibiting statistial anisotropy. The one-loop ontribution to the spetrum of ζ is also worked
out. We then onsider the generation of vetor eld perturbations from the vauum, inluding the
longitudinal omponent that will be present if there is no gauge invariane. Finally, the δN formula
is applied to the vetor urvaton and vetor ination models with the tensor perturbation also
evaluated in the latter ase.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Starting at an `initial' temperature of a few MeV, the observable Universe is now understood in onsiderable detail.
At the initial epoh the expanding Universe is an almost isotropi and homogeneous gas. The perturbations away
from perfet isotropy and homogeneity at the initial epoh are the subjet of intense study at present, beause they
determine the subsequent evolution of all osmologial perturbations [1℄. Aording to observation, the dominant and
perhaps the only initial perturbation is the urvature perturbation ζ, so-alled beause it is related to the perturbation
in the intrinsi urvature of spae-time slies with uniform energy density.
To understand the nature and origin of ζ, one uses omoving oordinates x, that move with expansion of the
unperturbed Universe. Also, one onsiders the Fourier omponents with omoving wave-vetor k. Physial positions
are a(t)x and physial wave-vetors are k/a(t), where a is the sale fator of the Universe. The Hubble parameter is
H ≡ a˙/a, with a dot denoting derivative with respet to the osmi time t.
It is onvenient to smooth all relevant quantities on a omoving sale, somewhat below the shortest sale of
osmologial interest. This will not aet the Fourier omponents on osmologial sales, and will greatly simplify
the analysis. Consider a given osmologial sale, haraterised by wavenumber k/a. On the assumption that gravity
slows down the expansion of the osmi uid, aH/k = a˙/k inreases as we go bak in time. At the present epoh
sales of osmologial interest orrespond to 10−6 <∼ aH/k <∼ 1, but at the `initial' temperature T ∼ MeV they all
orrespond to aH/k ≫ 1. Suh sales are said to be outside the horizon.
To explain the origin of the perturbations, it is supposed that going further bak in time we reah an era of ination
when by denition gravity is repulsive. At the begining of ination the smoothing sale is supposed to be inside the
horizon. With mild assumptions, it an be shown that ination drives all perturbations to zero at the lassial level.
But as eah sale k leaves the horizon, the quantum utuations of those salar eld perturbations with mass m <∼ H
are onverted [2, 3℄ to lassial perturbations.
Aording to the usual assumption, one or more of these salar eld perturbations is responsible for the urvature
perturbation (for a reent aount with referenes see Ref. [4℄). In that ase, the statistial properties of ζ (speied
by its orrelators) are homogeneous and isotropi (invariant under displaements and rotations). It has been pointed
out reently that vetor eld perturbations ould ontribute to ζ [5, 6, 7, 8℄#1. Suh ontributions will typially make
ζ statistially anisotropi, but still statistially homogeneous.
It was shown in an earlier paper [10℄ how, inluding only salar elds, one may alulate the orrelators of ζ through
what is alled the δN formalism [11, 12, 13℄. The δN formalism has reently been applied to the vetor eld ase in
a partiular setup [8℄. In this paper, we work out a ompletely general δN formalism inluding vetor elds and then
apply it to a dierent setup used for the vetor urvaton [5, 6, 7℄ and vetor ination [14℄ senarios.
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#1
Non-standard spinors may be used for the same purpose. See Ref. [9℄.
2The plan of the paper is the following. In Setion II we give some useful formulas and survey the observational
status regarding statistial anisotropy. Setion III is devoted to a brief desription of the δN formalism, this time
inluding vetor elds. In Setion IV we alulate the spetrum of ζ at tree and one-loop level, and the bispetrum
of ζ at tree level. In Setion V we reall the generation of a salar eld perturbation from the vauum. In Setion VI
we see how a gauge eld perturbation an be generated. In Setion VII we see how a vetor eld perturbation an
be generated, using a modied-gravity ation without gauge invariane and inluding the longitudinal omponent.
In Setions VIII and IX we see how a vetor eld perturbation an ontribute to ζ, through respetively the vetor
urvaton and vetor ination mehanisms. We onlude in Setion X.
II. OBSERVATIONAL CONSTRAINTS ON THE CURVATURE PERTURBATION
Diret information on the urvature perturbation omes mostly from measurements of the anisotropy of the CMB
and the inhomogeneity of the galaxy distribution. These over a limited range of sales, orresponding to roughly
∆ ln k ∼ 10 where k is the omoving wavenumber. Indiret information is available at muh longer and shorter sales.
In this setion we summarise the information.
A. Formulas
We are interested in the orrelators of the urvature perturbation, in partiular the two-point orrelator. For any
osmologial perturbation β(x), at some xed time, we dene Fourier omponents with normalisation
β(k) ≡
∫
β(x)e−ik·xd3x . (1)
Assuming that the two-point orrelator 〈β(x)β(x′)〉 is invariant under translations (statistially homogeneous), the
two-point orrelator of the Fourier omponents takes the form
〈β(k)β(k′)〉 = (2π)3δ(k+ k′)2π
2
k3
Pβ(k) , (2)
whih denes the spetrum Pβ #2. If the two-point orrelator is also invariant under rotations (statistial isotropy)
the spetrum Pβ(k) depends only on the magnitude k. In that ase we shall sometimes invoke a quantity Pβ(k) ≡
(2π2/k3)Pβ(k).
By virtue of the reality ondition β(−k) = β∗(k), an equivalent denition of the spetrum is
〈β(k)β∗(k′)〉 = (2π)3δ(k− k′)2π
2
k3
Pβ(k) . (3)
Setting k = k′ the left hand side is 〈|β(k)|2〉. It follows that the the spetrum is positive and nonzero.
Even if Pβ(k) is anisotropi, the reality ondition requires Pβ(k) = Pβ(−k). The anisotropy will therefore be of
the form [15℄ (see also Refs. [16, 17℄)
Pβ(k) = P isoβ (k)
[
1 + gβ(dˆ · kˆ)2 + · · ·
]
, (4)
where P isoβ (k) is the average over all diretions, dˆ is some unit vetor and kˆ is a unit vetor along k.
If there is no orrelation between the Fourier omponents exept for the reality ondition, the perturbation is said
to be Gaussian. Then the two-point orrelator is given by Eq. (2) and the three-point orrelator vanishes while the
four-point orrelator is
〈βk1βk2βk3βk4〉 = 〈βk1βk2〉〈βk3βk4〉+ 〈βk1βk3〉〈βk2βk4〉+ 〈βk1βk4〉〈βk2βk3〉 . (5)
The ve-point orrelator vanishes and the six-point orrelator is given by the analogue of Eq. (5), and so on. All
orrelators are known one the spetrum is speied. We onlude that a Gaussian perturbation is statistially
homogeneous even though it need not be statistially isotropi.
#2
The averages are over some ensemble of universes, of whih our observable Universe is supposed to be a typial realization.
3Non-gaussianity is signalled by a non-vanishing 3-point orrelator, an additional (`onneted') ontribution to the
4-point orrelator and so on. Statistial homogeneity requires that eah orrelator of Fourier omponents vanishes
unless the sum of the wave-vetors vanishes (generalising the delta funtion of Eq. (2)), and statistial isotropy requires
that it is invariant under rotations. In partiular, statistial homogeneity requires a 3-point orrelator of the form
〈β(k)β(k′)β(k′′)〉 = (2π)3δ(k+ k′ + k′′)B(k,k′,k′′) , (6)
and statistial isotropy requires that B depends only on the magnitudes of the vetors. Assuming statistial isotropy
one also denes a redued bispetrum Bβ by
Bβ(k, k
′, k′′) ≡ Bβ(k, k′, k′′) [Pβ(k)Pβ(k′) + yli permutations ] . (7)
B. Spetrum and non-gaussianity
Observational results onerning the spetrum Pζ are generally obtained with the assumption of statistial isotropy,
but they would not be greatly aeted by the inlusion of anisotropy at the 10% level.
Diret observation, oming from the anisotropy of the CMB and the inhomogeneity of the galaxy distribution, gives
information on what are alled osmologial sales [18℄. These orrespond to a range ∆ ln k ∼ 10 or so downwards
from the sale k−1 ∼ H−10 that orresponds to the size of the observable Universe#3. It is found that Pζ is almost
sale independent with the value Pζ1/2 ≃ 5× 10−5. There is mild sale dependene orresponding to
n− 1 ≡ d lnPζ
d ln k
= −0.040± 0.014 . (8)
On muh bigger or smaller sales the onstraint is far weaker. Assuming a onstant n on suh sales, they are
− 5 < n− 1 <∼ 0.4
50
Ncorr
, Ncorr ≡ ln(kcorr/kmax) . (9)
The lower bound, referring to very large sales k ≪ H0, omes [1℄ from the absene of an enhanement of the CMB
quadrupole (Grishhuk-Zeldovih eet).
The upper bound is more interesting. In this expression, Ncorr is the number of e-folds of ination, between horizon
exit for the smallest osmologial sale k−1max and horizon exit for the smallest sale k
−1
corr on whih the urvature
perturbation exists (orrelation length). It orresponds [19℄ to the following values for the spetrum at those sales:
Pζ1/2(kmax) <∼ 5× 10−5 , Pζ1/2(kcorr) < 10−1 . (10)
The rst number is the observed value on osmologial sales. The seond number orresponds to an order of
magnitude upper bound on the spetrum that under ertain assumptions is required to avoid an overabundane of
primordial blak holes [20℄. Further disussion about the upper bound on Pζ is given in Ref. [19℄.
If ζ is generated during ination, or soon afterwards, kcorr will be the sale leaving the horizon at the end of
ination. Then Ncorr ≃ N − 10, where N is the number of e-folds of ination after the largest osmologial sale H−10
leaves the horizon. For a high ination sale and a fairly standard osmology afterwards, N ≃ 60 making Ncorr ≃ 50.
If instead ζ is formed long after ination, through say the urvaton model, Ncorr an be muh lower for the same N ,
and N itself will be redued if the ination sale is low.
If the spetral tilt varies, the upper bound refers to average of the tilt with respet to ln k, in the interval kmax < kcorr.
The possibility of large tilt on small sales has been investigated in Ref. [19℄. A strongly inreasing tilt on small sales
ould ome from a single mehanism for generating n, suh as the running mass ination model. Alternatively, a large
and pratially onstant n on small sales ould be generated if the urvature perturbation has two omponents:
Pζ(k) = Pflat(k) + Psteep(k) . (11)
The rst omponent might be nearly at and dominate on osmologial sales, while the seond might have large tilt
and dominate in the interval kmax < k < kcorr. In that ase, the upper bound in Eq. (9) applies to the spetral tilt
of Psteep.
#3
As usual a subsript 0 indiates the present epoh, and we set a0 = 1.
4Coming to non-gaussianity, one generally fousses on the bispetrum, working with the quantity fNL ≡ (5/6)Bζ. If
fNL is generated from one or more gaussian eld perturbations with sale-independent spetra it is pratially sale
independent. With that assumption, the most reent analysis [21℄ nds fNL = 38 ± 21 at 1σ but −4 < fNL < 80
is allowed at 95% ondene level. For fully orrelated non-gaussianity, fNLPζ−1/2 is of order the frational non-
gaussianity of ζ whih means that the non-gaussian fration is less than 10−3 or so, and in any ase the observational
bound on fNL orresponds to a small non-gaussian fration [22℄.
Allowing sale dependene of the bispetrum, the observational bounds are very weak on sales outside the osmo-
logial range, so that for example ζ ould be the square of a gaussian quantity.
C. Statistial anisotropy and statistial inhomogeneity
Taking all the unertainties into aount, observation is onsistent with statistial anisotropy and statistial in-
homogeneity but allows either of these things at around the 10% level. In this setion we briey review what is
known.
Assuming statistial homogeneity of the urvature perturbation, a reent study [23℄ (see also Refs. [24, 25℄) of
the osmi mirowave bakground radiation (CMB) temperature perturbation nds weak evidene for statistial
anisotropy. They keep only the leading term of Eq. (4):
Pζ(k) = P isoζ (k)
(
1 + g(dˆ · kˆ)2
)
, (12)
and nd g ≃ 0.15± 0.04 with dˆ in a speied diretion. The authors point out though that systemati unertainties
ould make g ompatible with zero. We will therefore just assume |g| <∼ 0.3 #4. In other words, we assume that the
spetrum of the urvature perturbation is isotropi to within thirty perent or so. There is at present no bound on
statistial anisotropy of the 3-point or higher orrelators.
In some dierent studies, the mean-square CMB perturbation in opposite hemispheres has been measured, to see
if there is any dierene between hemispheres. A reent work [27, 28, 29℄ nds a dierene of order ten perent, for
a ertain hoie of the hemispheres, with statistial signiane at the 99% level. Given the diulty of handling
systemati unertainties it would be premature to regard the evidene for this hemispherial anisotropy as ompletely
overwhelming.
Let us see what hemispherial anisotropy would imply for the urvature perturbation. Foussing on a small path
of sky, the statistial anisotropy of the urvature perturbation implies that the mean-square temperature perturbation
within a given small path will in general depend on the diretion of that path. This is beause the mean square
within suh a path depends (in the sudden deoupling approximation) upon the mean square of the urvature
perturbation in a small planar region of spae perpendiular to the line of sight loated at last sattering
#5
. But
the mean-square temperature will be the same in pathes at opposite diretions in the sky, beause they explore the
urvature perturbation ζ(k) in the same k-plane and the spetrum Pζ(k) is invariant under the hange k → −k. It
follows that statistial anisotropy of the urvature perturbation annot by itself generate a hemispherial anisotropy.
In the above disussion of the CMB temperature perturbation, we ignored osmi variane, by identifying the
measured mean-square temperature perturbation within a given path with the ensemble average of that quantity.
That will ertainly be permissible if the multipoles of the CMB, inluding the lowest ones, are almost unorrelated
orresponding to an almost gaussian urvature perturbation.
With the aveat onerning osmi variane, we onlude that hemispherial anisotropy of the CMB temperature
requires statistial inhomogeneity of the urvature perturbation. Then 〈ζ(k)ζ(k′)〉 is not proportional to δ(k+k′). But
in a small region of the observable Universe it might still be reasonable to invoke approximate statistial homogeneity,
by dening a position-dependent spetrum P(k,x) (taken for simpliity to be rotationally invariant). This way of
generating the hemispherial anisotropy has been onsidered in Refs. [30, 31℄, but is outside the framework of the
present paper.
Before ending this setion we note that, in addition to the primordial urvature perturbation, there might be a
primordial tensor perturbation with spetrum Ph [1℄. The fration r ≡ Ph/Pζ is onstrained by observation to be
<∼ 0.1 [18℄.
#4
A related work [26℄ shows that the lowest detetable value for |g| from the expeted performane of WMAP is |g| ≃ 0.1. The same
analysis gives the lowest detetable value from the expeted performane of PLANCK: |g| ≃ 0.02.
#5
The sudden deoupling is not essential here. It an be replaed by the exat line of sight formalism, leading to the same onlusion.
5III. THE δN FORMALISM
The δN formalism for salar eld perturbations was given at the linear level in Refs. [11, 12℄. At the non-linear
level whih generates non-gaussianity it was desribed in Refs. [10, 13℄. Here we extend the formalism to inlude
vetor elds.
With generi oordinates the line element of the perturbed universe is
ds2 = gµνdx
µdxν . (13)
The oordinate system of the perturbed universe denes a sliing (onstant time oordinates) and a threading (onstant
spae oordinates) of spaetime.
To dene the osmologial perturbations, one hooses a oordinate system in the perturbed universe, and then
ompares that universe with an unperturbed one. The unperturbed universe is taken to be homogeneous, and is
usually taken to be isotropi as well. In this Setion though, we develop the δN formalism without assuming isotropy.
The δN formalism does not invoke a theory of gravity, but it does invoke an energy-momentum tensor Tµν . From a
mathematial viewpoint, any denition will do provided that it satises the ontinuity equation ▽µT µν = 0 with ▽µ
the ovariant derivative. Following for instane Refs. [14, 32℄, we dene Tµν in terms of the spaetime urvature:
Rµν − 1
2
gµνR = −8πGTµν . (14)
This is the Einstein eld equation if, in a loally inertial frame, Tµν is the energy-momentum tensor of Speial
Relativity. In the ontext of eld theory, this means that the ation should be of the form
S =
∫
d4x
√−g
[
1
2
m2PR+ L
]
, (15)
where mP ≡ (8πG)−1/2 is the redued Plank mass, and L, evaluated in a loally inertial frame, is the lagrangian
density of at spaetime eld theory. Then Tµν is the `improved energy-momentum tensor' whih is given in terms of
the elds by a standard expression. The bosoni part Lbos of L gives a ontribution
T bosµν = 2
∂Lbos
∂gµν
− gµνLbos . (16)
Of ourse, we an always write the ation in the form given by Eq. (15) with some L. When that is done, the
ontribution of the bosoni part Lbos will still be given by Eq. (16). We shall invoke this expression in several ases
where Einstein gravity holds, and will invoke it in Setion IX for a ase where Einstein gravity does not hold, dropping
the label `bos'.
A. The urvature perturbation and the tensor perturbation
To dene the urvature perturbation, we smooth the metri tensor and the energy-momentum tensor on a omoving
sale k−1 signiantly shorter than the sales of interest, and we onsider the super-horizon regime aH ≫ k. On the
reasonable assumption that the smoothing sale is the biggest relevant sale, spatial gradients of the smoothed metri
and energy-momentum tensors will be negligible. As a result, the evolution of these quantities at eah omoving
loation will be that of some homogeneous `separate universe'. In ontrast with earlier works on the separation
universe assumption, we will in this setion allow the possibility that the separate universes are anisotropi even
though homogoneous.
We onsider the sliing of spaetime with uniform energy density, and the threading whih moves with the expansion
(omoving threading). By virtue of the separate universe assumption, the threading will be orthogonal to the sliing.
The spatial metri an then be written as
gij(x, τ) ≡ a2(x, τ)
(
Ie2h(x,τ)
)
ij
, (17)
where I is the unit matrix, and the matrix h is traeless, whih means that Ie2h has unit determinant. The time
dependene of the loally dened sale fator a(x, t) denes the rate at whih an innitesimal omoving volume V
expands: V˙/V = 3a˙/a.
6We split ln a and hij into an unperturbed part plus a perturbation:
ln a(x, τ) ≡ ln a(τ) + ζ(x, τ) , (18)
hij(x, τ) ≡ hij(τ) + δhij(x, τ) . (19)
The unperturbed parts an be dened as spatial averages within the observable Universe, but any denition will do as
long as it makes the perturbations small within the observable Universe. If they are small enough, ζ and δhij an be
treated as rst-order perturbations. That is expeted to be the ase, with the proviso that a seond-order treatment
of ζ will be neessary to handle its non-gaussianity if that is present at a level orresponding to fNL <∼ 1 (with the
gaussian and non-gaussian omponents orrelated) [33℄.
1. The urvature perturbation
In this paper we are mainly onerned with the urvature perturbation ζ #6. Beause Ieh has unit determinant,
the energy ontinuity equation d(Vρ) = −PdV implies that ζ˙ is independent of position, during any era when the
pressure P is a unique funtion of the energy density ρ [13℄ (hene uniform on slies of uniform ρ). Absorbing ζ˙ into
the unperturbed sale fator, ζ(x) is then time independent.
From the suess of Big Bang Nuleosythesis, we know that Einstein gravity is a good approximation when the
shortest osmologial sale approahes horizon entry at T ∼ 1MeV. Also, the osmi uid is then radiation dominated
to high auray implying P = ρ/3 and a onstant value of ζ. We denote this value simply by ζ(x), and it is the one
onstrained by observation as desribed in Setion II.
2. The tensor perturbation
The perturbation δhij may also be of interest. We disuss it at this point in general terms, and in Setion IX we
provide an expliit alulation within the vetor ination model.
Consider rst the unperturbed quantity hij(τ). In this paper we are taking the unperturbed expansion to be
pratially isotropi expansion with Cartesian oordinates. As a result, we an take the unperturbed quantity to vanish
so that a(τ) is the unperturbed sale fator. More generally, if the unperturbed quantity is any time-independent
matrix, we an make a linear oordinate transformation whih diagonalises Ieh and an then hoose the normalization
of the sale fator so that hij again vanishes. A time-dependent unperturbed quantiy hij(τ) would orrespond to an
unperturbed Universe with anisotropi expansion.
If one or more vetor elds exist during ination, one might think that the unperturbed expansion may easily be
anisotropi. Assuming Einstein gravity though, that is not the ase beause aording to a theorem of Wald [34, 35℄
enough ination driven by a onstant salar eld potential will isotropise the expansion
#7
. This statement beomes
only an approximation for realisti slow roll ination where the potential is varying, and it doesn't apply to `vetor
ination' models where ination is driven by a onstant vetor eld potential [14, 36, 37, 38℄. For vetor ination
though, one an ensure approximate isotropy of the expansion by invoking a large number of independent elds [14℄,
as we shall disuss in Setion IX.
After ination, an era of anisotropi stress (from vetor elds or any other soure) might ause signiant anisotropy
of the expansion, but that does not happen in the usual senarios of the early Universe. Assuming Einstein gravity,
the anisotropy will anyway deay when the anisotropi stress swithes o.
As we are dealing with a smoothed metri well after horizon exit, the status of the perturbed quantity hij(x, τ)
at a given loation is the same as that of the unperturbed quantity. The anisotropy of the loal expansion will be
negligible if Wald's theorem holds or if there is vetor ination with a suiently large number of independent vetor
elds. Then the perturbation δhij(x, τ) is almost time independent. Also, we expet δhij to remain time-independent
after ination until the approah of horizon entry, sine the loal anisotropi stress is expeted to remain negligible.
Now we onsider rst order osmologial perturbation theory, taking the unperturbed hij to vanish. At rst order,
the equations satised by the osmologial perturbations omprise three unoupled modes, termed salar, vetor and
tensor. The rst order perturbation δgij is equal to δijζ + δhij with ζ belonging to the salar mode. Setting spatial
#6
It is so-alled beause one usually has in mind the ase that δhij is negligible; of ourse it too orresponds to a perturbation in the
spatial urvature.
#7
He alls this onstant potential a osmologial onstant.
7gradients equal to zero in aordane with the separate universe assumption, δhij satises the transversality ondition
∂iδhij = 0, whih means that it belongs to the tensor mode. It an be written in terms of polarization tensors as
e+ijh+ + e
−
ijh−, and assuming statistial parity invariane eah of the amplitudes has the same spetrum Pten/4. The
fration r ≡ Pten/Pζ is <∼ 10−1 [18℄ and future measurements will redue this bound by a fator of 10 to 100, or detet
r [39℄.
Let us disuss the origin of the tensor perturbation δhij , within rst order osmologial perturbation theory assuming
Einstein gravity. The standard alulation assumes negligible anisotropy in the inationary expansion and negligible
anisotropi stress (whih will ertainly be the ase if salar elds dominate). Under these assumptions, eah of
h+,×/
√
2mP has the ation of a free salar eld. The lassial equation of motion is
δ¨hij + 3Hδ˙hij + (k
2/a2)δhij = 0, (20)
whih makes δhij onstant after horizon exit. The spetrum of the perturbation generated from the vauum utuation
is
Pten = 8
M2P
(
H∗
2π
)2
, (21)
whih is too small to observe in small-eld ination models.
If one or more vetor elds is relevant during ination, the unperturbed expansion will be anisotropi at some
level. Then, even if the vetor eld is unperturbed, δhij will time dependent during ination, and an be generated
even if the vauum utuation is negligible; suh a ontribution would be orrelated with the urvature perturbation
[40, 41℄, in ontrast with the one generated from the vauum utuation. A perturbation of the vetor eld will give
an additional eet. As we argued earlier these eets are expeted to be neligible if Einstein gravity holds, assuming
that either Wald's theorem applies or there is vetor ination with suiently many independent elds.
Within this rst order treatment, the tensor perturbation is gaussian. Sine the tensor perturbation has yet to
be deteted there is little motivation to onsider its non-gaussianity. At the time of writing, the only alulation
of non-gaussianity has been done by Maldaena [42℄ assuming single eld slow roll ination with Einstein gravity.
Using seond order perturbation theory he hooses a gauge where δhij is transverse as well as traeless. He alulates
the three-point orrelators involving Fourier omponents of ζ and/or δhij , at the epoh soon after horizon exit, and
nds them to be suppressed by slow roll fators. If ζ reeives ontributions only from the inaton perturbation, it
is onstant after horizon exit and then the three point orrelator of ζ orresponds to fNL ∼ 10−2 whih is almost
ertainly too small ever to detet. There is no reason to think that the orrelators involving δhij will be detetable
either. Judging by this example, there is no need for the disussion of δhij to go beyond rst order osmologial
perturbation theory.
B. The δN formula
Keeping the omoving threading, we an write the analogue of Eq. (17) for a generi sliing:
g˜ij(x, τ) ≡ a˜2(x, τ)
(
Ie2h˜(x,τ)
)
ij
, (22)
with again Ie2h˜ having unit determinant so that the rate of volume expansion is V˙/V = 3a˜(x, t). Starting with an
initial `at' sliing suh that the loally-dened sale fator is homogeneous, and ending with a sliing of uniform
density, we then have
ζ(x, t) = δN(x, t), (23)
where the number of e-folds of expansion is dened in terms of the volume expansion by the usual expression N˙ =
V˙/3V . The hoie of the initial epoh has no eet on δN , beause the expansion going from one at slie to another
is uniform. We will hoose the initial epoh to be a few Hubble times after the smoothing sale leaves the horizon
during ination. Aording to the usual assumption, the evolution of the loal expansion rate is determined by the
initial values of one or more of the perturbed salar elds φI . Then we an write
φI(x) = φI + δφI(x), (24)
ζ(x, t) = δN(φ1(x), φ2(x), . . . , t)
= NI(t)δφI(x) +
1
2
NIJ(t)δφI(x)δφJ (x) + . . . , (25)
8where NI ≡ ∂N/∂φI , et., and the partial derivatives are evaluated with the elds at their unperturbed values denoted
simply by φI . The eld perturbations δφI in Eq. (25) are dened on the `at' sliing suh that a(x, t) is uniform.
The unperturbed eld values are dened as the spatial averages, over a omoving box within whih the perturbations
are dened. The box size aL should satisfy LH0 ≫ 1 so that the observable Universe should t omfortably inside it
[43℄. If there have been exponentially many e-folds of ination before the observable Universe leaves the horizon, one
ould hoose ln(LH0) to be exponentially large, but that would not be a good idea beause it introdues unknowable
new physis and plaes the alulation out of ontrol [43℄. One therefore hooses a `minimal box', suh that ln(LH0)
is signiantly bigger than 1 without being exponentially large.
The spatial averages of the salar elds, that determine NI , et., and hene ζ annot in general be alulated.
Instead they are parameters, that have to be speied along with the relevant parameters of the ation before the
orrelators of ζ an be alulated. The only exeption is when ζ is determined by the perturbation of the inaton in
single-eld ination. Then, the unperturbed eld value when osmologial sales leave the horizon an be alulated,
knowing the number of e-folds to the end of ination whih is determined by the evolution of the sale fator after
ination. Although the unperturbed eld values annot be alulated, their mean square for a random loation of the
minimal box (ie. of the observable Universe) an sometimes be alulated using the stohasti formalism [44℄.
In this paper we suppose that one or more perturbed vetor elds also aet the evolution of the loal expansion
rate. Keeping for simpliity one salar eld and one vetor eld we have
ζ(x, t) = δN(φ(x), Ai(x), t) = Nφδφ+N
i
AδAi +
1
2
Nφφ(δφ)
2 +
1
2
N iφAδφ δAi +
1
2
N ijAAδAi δAj + ... , (26)
where
Nφ ≡ ∂N
∂φ
, N iA ≡
∂N
∂Ai
, Nφφ ≡ ∂
2N
∂φ2
, N ijAA ≡
∂2N
∂Ai∂Aj
, N iφA ≡
∂2N
∂Ai∂φ
, (27)
with i denoting the spatial indies running from 1 to 3. As with the salar elds, the unperturbed vetor eld values
are dened as averages within the hosen box.
In these formulas there is no need to dene the basis (triad) for the omponents Ai. Also, we need not assume that
Ai omes from a 4-vetor eld, still less from a gauge eld.
The disussion so far allows the unperturbed expansion to be anisotropi. In the following setions though, we will
take it to be isotropi. Also, we take the unperturbed spatial geometry to be at. Then the unperturbed line element
is
ds2 = a2(τ)
(−dτ2 + δijdxidxj) , (28)
where τ is onformal time and a is the sale fator. Depending on the ontext, we may instead use osmi time t
orresponding to dt = adτ . We shall take Ai to be the physial eld, dened with respet to the orthonormal basis
indued by the Cartesian spae oordinates ri = a(t)xi. We shall also have oasion to onsider the eld Bi = aAi
that is dened with respet to the orthogonal (but not orthonormal) basis indued by the omoving oordinates xi.
The orresponding upper-index quantities are Ai = Ai and B
i = a−2Bi.
C. The growth of ζ
As noted earlier, ζ is onstant during any era when pressure P is a unique funtion of energy density ρ. In the
simplest senario, the eld whose perturbation generates ζ is the inaton eld φ in a single-eld model. Then the
loal value of φ is supposed to determine the subsequent evolution of both pressure and energy density, making ζ
onstant from the beginning.
Alternatives to the simplest senario generate all or part of ζ at suessively later eras. Suh generation is possible
during any era, unless there is suiently omplete matter domination (P = 0) or radiation domination (ρ = P/3).
Possibilities in hronologial order inlude generation during (i) multi-eld ination [11℄, (ii) at the end of ination [45℄,
(iii) during preheating, (iv) at reheating, and (v) at a seond reheating through the urvaton mehanism [46, 47, 48, 49℄.
A vetor eld annot replae the salar eld in the simplest senario, beause unperturbed ination with a single
unperturbed vetor eld will be very anisotropi and so will be the resulting urvature perturbation. Even with
isotropi ination, we are about to see that a single vetor eld perturbation annot be responsible for the entire
urvature perturbation (at least in the senarios that we disuss) beause its ontribution is highly anisotropi. It
ould instead be responsible for part of the urvature perturbation, through any of the mehanisms listed above. Of
these, the end of ination mehanism has already been explored [8℄. In this paper we explore another one, namely the
vetor urvaton mehanism [5℄. We will also explore the vetor ination senario [14℄, aording to whih ination is
driven by a large number of randomly oriented vetor elds whih an give suiently isotropi ination and (as we
shall see) an extremely isotropi ζ.
9IV. FORMULAS FOR THE SPECTRUM AND BISPECTRUM OF THE CURVATURE
PERTURBATION
A. Spetrum of the vetor eld perturbation
In Setion V we desribe the standard senario for generating the salar eld perturbations from the vauum.
Within this senario, these perturbations are Gaussian with no orrelation between dierent perturbations. Their
stohasti properties are dened by the spetrum Pδφ of eah eld. Either of the equivalent denitions (2) and (3)
an be used to dene the spetrum, with β = δφ.
To deal with a vetor eld perturbation δAi we write
δAi(k, τ) ≡
∑
λ
eλi (kˆ)δAλ(k, τ) , (29)
where with the z axis along k the polarization vetors are dened by
eL ≡ (1, i, 0)/
√
2 , eR ≡ (1,−i, 0)/
√
2 , elong ≡ (0, 0, 1) . (30)
These expressions dene the polarization vetors only up to a rotation about the k diretion but that is enough for
the present purpose. We will let the hange k→ −k reverse z and x but not y. Then eλ(−kˆ) = −e∗λ(kˆ) and there is
a reality ondition A∗λ(k, τ) = −Aλ(−k, τ).
If the vetor eld orresponds to a gauge eld, we hoose the gauge so that Along = 0 leaving only AL and AR.
Otherwise we have to keep all three Aλ.
In Setions VI and VII we desribe two senarios for generating the vetor eld perturbations δAλ. Within both of
them, these perturbations are statistially isotropi and Gaussian, with no orrelation between dierent λ or between
the perturbations of dierent elds (salar or vetor). As a result we need only to onsider the spetra Pλ ≡ PδAλ .
They an be dened by the analogue of either Eq. (2) or Eq. (3):
〈δAλ(k)δA∗λ(k′)〉 = (2π)3δ(k− k′)
2π2
k3
Pλ(k) , (31)
〈δAλ(k)δAλ(k′)〉 = −(2π)3δ(k+ k′)2π
2
k3
Pλ(k) . (32)
The spetra are nonzero and positive, with the minus sign in the seond expression oming from eλ(−kˆ) = −e∗λ(kˆ).
We will normally have PL = PR, sine a dierene between these quantities would indiate parity violation of the
evolution of Ai. It is therefore useful to dene
P± ≡ 1
2
(PR ± PL) , (33)
so that only P+ will normally be present#8.
In the models that we disuss, the sale dependene of the spetra Pλ(k) omes from the evolution of the perturbation
δAλ after horizon exit during ination. In this regime, the spatial gradient k/a is negligible ompared with the Hubble
parameter, and we expet that it will be negligible ompared with any other relevant parameter
#9
. In that ase, the
evolution of δAλ(x, τ) at eah position will be the same as for the unperturbed eld Ai(τ). By rotational invariane
the evolution of the latter is independent of i. Therefore, we expet that the evolution of the three perturbations
δAλ will beome the same after horizon exit, giving them the same spetral index. In that ase rlong, dened as
rlong ≡ Plong/P+, will be just a number, independent of k.
The orrelators of the δAi(k) are
〈δAi(k) δAj(k′)〉 = (2π)3δ(k+ k′)2π
2
k3
[
T evenij (k)P+(k) + iT oddij (k)P−(k) + T longij (k)Plong(k)
]
, (34)
where
T evenij (k) ≡ δij − kˆikˆj , T oddij (k) ≡ ǫijk kˆk, T longij (k) ≡ kˆikˆj . (35)
#8
Calulations that generate P− as well are desribed in Refs. [50, 51℄.
#9
This is veried for the spei senarios that we onsider.
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B. Spetrum of ζ
1. Tree-level spetrum
Sine ζ is gaussian to high auray, it seems reasonable to expet that ζ will be dominated by one or more of the
linear terms in Eq. (26). Keeping only them (orresponding to what is alled the tree-level ontribution) we nd
#10
Ptreeζ (k) = N2φPδφ(k) +N iAN jA
[
T evenij (k)P+(k) + T longij (k)Plong(k)
]
(36)
= N2φPδφ(k) +N2AP+(k) + (NA · kˆ)2P+(k) (rlong − 1) . (37)
The above orresponds to Eq. (12) with dˆ = NˆA, NA being the Cartesian vetor with omponents N
i
A, and
Pζ iso(k) = N2φPδφ(k) +N2AP+(k) , (38)
g = (rlong − 1) N
2
AP+(k)
N2φPδφ(k) +N2AP+(k)
, (39)
where NA ≡
√
N iAN
i
A is the magnitude of NA. The spetrum is sale-invariant if the spetra of the eld perturbations
are sale invariant.
If the vetor eld perturbation dominates ζ we have simply g = rlong−1. If the vetor eld is a gauge eld rlong = 0,
and if its ation is Eq. (78) below rlong = 2. In both ases, the the observational bound |g| <∼ 0.3 is violated whih
means that the vetor eld ontribution annot dominate. If there is no other vetor eld ontribution, the dominant
ontribution to ζ must then ome from one or more salar eld perturbations.
To avoid the need for salar perturbations, one an suppose that a large number N of vetor elds perturbations
ontribute to ζ, with random orientation of the unperturbed elds. With a suient number of elds, there is then
no preferred diretion and the urvature perturbation is isotropi.
2. One-loop ontribution
Using Eq. (5), the ontribution from the quadrati terms (one-loop ontribution) is
P1−loopζ (k) =
∫
dp p2k3
|k+ p|3p3
{1
2
N2φφPδφ(|k+ p|)Pδφ(p) +
+
1
4
N iφAN
j
φAPδφ(|k+ p|)
[
T evenij (p)P+(p) + T longij (p)Plong(p)
]
+
+
1
2
N ijAAN
kl
AA
{
T evenik (k+ p)T
even
jl (p)P+(|k+ p|)P+(p) +
+T oddik (k + p)T
odd
jl (p)P−(|k+ p|)P−(p) +
+T longik (k+ p)T
long
jl (p)Plong(|k+ p|)Plong(p) +
+2T evenik (k+ p)T
long
jl (p)P+(|k+ p|)Plong(p)
}}
. (40)
If the spetra are sale-independent, the integral is proportional to ln(kL) [53℄ where L is the box size. If we
allow ln(kL) to be exponentially large the one-loop ontribution an dominate the tree-level ontribution even with
ζ almost gaussian, but the whole alulation is then out of ontrol [43℄. With a `minimal' box size suh that ln(kL)
is not exponentially large, and keeping only a single salar eld ontribution, it has been shown [43℄ that the ratio
(Pζ1−loop/Pζtree)1/2 is of order the frational non-gaussianity fNLPζ1/2 of the urvature perturbation whih from
observation is
<∼ 10−3. However, the loop ontribution to ζ from a given eld ould dominate the tree level from that
eld, if both ontributions are small ompared with the total. This ould in partiular be the ase for the vetor eld
ontribution.
#10
The terminology tree-level and one-loop orresponds to a Feynman graph formalism [52℄ that ould easily be extended to inlude vetor
elds.
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C. Bispetrum of ζ
Working to leading order in the quadrati terms of the δN formula, we arrive at the tree-level ontribution to the
bispetrum. Evaluating it using Eq. (5) we nd
Btreeζ (k,k
′,k′′) = N2φNφφ[Pδφ(k)Pδφ(k
′) + cyc. perm.] +
+
1
2
NφN
i
AN
j
φA
{
Pδφ(k)
[
T evenij (k
′)P+(k
′) + iT oddij (k
′)P−(k
′) + T longij (k
′)Plong(k
′)
]
+ 5 perm.
}
+
+N iAN
j
AN
kl
AA
{[
T evenik (k)P+(k) + iT
odd
ik (k)P−(k) + T
long
ik (k)Plong(k)
]
×
×
[
T evenjl (k
′)P+(k
′) + iT oddjl (k
′)P−(k
′) + T longjl (k
′)Plong(k
′)
]
+ cyc. perm.
}
, (41)
where Pδφ(k) and Pλ(k) are dened as
Pδφ(k) =
2π2
k3
Pδφ(k) , Pλ(k) = 2π
2
k3
Pλ(k) . (42)
Reversal of the three wave-vetors orresponds to the parity transformation, and from the reality ondition ζ(−k) =
ζ∗(k) it hanges eah orrelator into its omplex onjugate. For the spetrum this is not of interest beause the reality
ondition also makes the spetrum real. For the bispetrum with statistial isotropy it is also not of interest, beause
the reality ondition plus statistial isotropy make the bispetrum real
#11
. In our ase, the bispetrum is statistially
anisotropi, and is guaranteed to be real only if the parity-violating spetrum P− vanishes.
Existing analysis of the bispetrum assumes statistial isotropy
#12
, and it seems important that the analysis should
be extended to allow for anisotropy and possible parity violation. The relation between non-gaussianity and the
anisotropy of the spetrum is explored in Ref. [55℄.
The seond order ontribution of the quadrati terms in the δN formula gives the one-loop ontribution to the
bispetrum. It ould be signiant or even dominant. It has been alulated for the salar ase in Ref. [22℄, and has
been investigated for the ase of multield ination in for instane Refs. [56, 57℄. The one-loop ontribution from a
vetor perturbation will be given in a separate publiation [58℄.
V. SCALAR FIELD PERTURBATION FROM THE VACUUM FLUCTUATION
During ination, both salar and vetor eld perturbations an be generated from the vauum utuation. We
begin by desribing arefully the salar eld alulation, emphasising some points that will be important when we
ome to the vetor eld.
A. General onsiderations
We shall fous on the simplest setup. Only the few e-folds either side of horizon exit are onsidered. Unperturbed
ination is supposed to be isotropi, and almost exponential so that the Hubble parameter an be taken to be
onstant. It is assumed that the eld perturbations an be treated as free elds, so that they satisfy unoupled linear
eld equations. Also, the salar elds are taken to live in unperturbed spaetime, whih means that the bak-reation
of the elds on the metri is ignored. By virtue of these features, the salar eld perturbations are gaussian and
statistially independent, and the objet of the alulation is to alulate their spetra.
For the alulation itself we do not need to invoke a theory of gravity or a model of ination. But these things are
needed if one wishes to hek that the bak-reation is negligible and the eld is pratially free. Assuming Einstein
gravity and slow-roll ination, the hek has been done as follows. First, the modiation of the linear evolution
equation to inlude bak-reation has been alulated, both for single-eld [59℄ and multi-eld [60℄ ination. It is
found to be small, provided that the relevant elds are slowly varying on the Hubble timesale, as will be the ase if
their potential is at enough for the slow-roll approximation to apply
#13
. Seond, the treatment of the perturbation
#11
The triangle of vetors obtained by reversing the vetors an be brought into oinidene with the original triangle by a rotation.
#12
See for instane Ref. [54℄.
#13
From the form of the bak-reation, one expets this to be the ase even for non-Einstein gravity [1℄.
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has been arried out to seond order [42, 61, 62℄ and third order [63, 64℄ (inluding the bak-reation). From this the
3-point and onneted 4-point orrelators of ζ were alulated. They were found to be negligible in aordane with
the linearity assumption.
These alulations invoke only salar elds, whih is onsistent with the assumption of isotropi unperturbed
ination. In the present paper we are going to suppose that one or more vetor elds exist during ination. As we
notied in Setion IIIA 2, the unperturbed (spatially homogeneous) part of a vetor eld will at some level ause
anisotropi unperturbed expansion. This will break the rotational invariane of the evolution equations for the salar
[15, 40, 41, 65, 66℄, ausing their spetra to be anisotropi. At the moment it is not understood how to alulate
the spetra of salar eld perturbations in suh a ase, beause the linear evolution equations have singlular solutions
[65, 66℄. The generation of vetor eld perturbations will also be aeted by anisotropi unperturbed expansion,
though that has yet to be investigated. As we saw in Setion IIIA 2, the level of anisotropy in the expansion is
expeted to be small and in this paper we simply ignore it.
B. Quantum eld theory
There is no need to assume Einstein gravity during ination. We need only the eetive ation for the salar
eld, valid while relevant sales are leaving the horizon. We desribe the standard senario, in whih φ is anonially
normalized. Although the alulation works for a more general potential, it will be enough here to onsider the
quadrati ase:
V (φ) =
1
2
m2φ2 + · · · . (43)
The ation is then
S =
1
2
∫
dτd3x
√−g [Lφ(τ,x) + . . .] (44)
Lφ = −∂µφ∂µφ−m2φ2 . (45)
This is supposed to hold to good auray while sales of interest leave the horizon, with m2 pratially onstant
during that era. The dots indiate ontributions, whih generate ination if that is not already done by φ #14.
As the eld is supposed to live in unperturbed spaetime desribed by the line element in Eq. (28) we an write
S =
1
2
∫
dτd3xa2(τ)
[
−∂µφ∂µφ− 1
2
a2(τ)m2 − . . .
]
, (46)
with the index µ now raised by ηµν instead of gµν .
The unperturbed eld equation is
φ¨+ 3Hφ˙+m2φ = 0 , (47)
where an overdot denotes d/dt. We take ination to be pratially exponential so that a ∝ exp(Ht). We assume that
φ is a light eld, dened as one with
|m2| ≪ H2 . (48)
If this inequality is well satised there will be a slow roll solution φ˙ ≃ −m2φ/3H , whih is expeted to hold more or
less independently of any initial ondition. Then the frational hange in φ over one Hubble time is muh less than
1. If the inequality is only marginally satised it will be of order 1.
For the rst order perturbation we work with ϕ ≡ aδφ. It satises
ϕ′′(k, τ) +
(
k2 + a2m˜2
)
ϕ(k, τ) = 0, m˜2 ≡ m2 − 2H2, (49)
#14
If it is done by φ there is slow-roll ination with φ the inaton, but we are not assuming slow-roll ination and still less that φ is the
inaton within that paradigm.
13
where a prime denotes d/dτ . To arrive at the quantum theory we need the ation for δφ, obtained from Eq. (45).
After dropping a total derivative it is
Sδφ =
1
2
∫
dτd3x
(
ϕ′
2
+ ∂iϕ∂iϕ− 1
2
a2m˜2
)
(50)
=
1
2
∫
dτd3k
[
ϕ′
2
(k, τ) − (k2 + a2m˜2)ϕ(k, τ)] . (51)
For eah k this is the ation of an osillator with time-dependent frequeny.
We adopt the Heisenberg piture whereby the state vetor is time independent. Promoting ϕ to an operator ϕˆ we
write
ϕˆ(x, τ) =
∫
d3k
(2π)3
[
aˆ(k)ϕ(k, τ)eik·x + aˆ†(k)ϕ∗(k, τ)e−ik·x
]
. (52)
The mode funtions ϕ(k, τ) satisfy the same evolution equations as the lassial perturbations ϕ(k, τ). The former are
independent of the diretion of k beause the evolution equations do not pik out a preferred diretion, and neither
does the initial ondition that we ome to shortly.
The onsistent quantization of this system requires the ommutation relation
[aˆ(k), aˆ†(k′)] = (2π)3δ(k− k′) , (53)
and the Wronskian
ϕ∗(k, τ)∂τϕ(k, τ)− ϕ(k, τ)∂τϕ∗(k, τ) = −i . (54)
Well before horizon exit, ϕ is a linear ombination of exp(±ikτ). We make the usual hoie
ϕ(k, τ)→ e
−ikτ
√
2k
, (55)
whih will be justied shortly. We postulate a unique vauum state, annihilated by the aˆ(k), and take the Hilbert spae
to be Fok spae, whose basis is built by ating on the vauum by produts of the reation operators aˆ†(k). The basis
vetors are eigenvetors of the oupation number operator nˆk = L
−3aˆ†
k
aˆk, whih gives the number of partiles with
momentum k. The partile interpretation an be justied using Eq. (16) for the energy momentum tensor. It shows
that the vauum state, with zero oupation number, has momentum density and pressure ρvac = −Pvac = Λ4/16π2
where Λ is the ultra-violet uto. This is set equal to zero by absorbing it into the salar eld potential. Then the
energy-momentum tensor of a generi basis state is that of a gas of partiles with the relevant oupation numbers.
If the oupation numbers depend only on the diretion of k, the momentum density and anisotropi stress vanish,
leaving pressure and energy density P = ρ/3.
The nal step is to assume that the time-independent state vetor is lose to the vauum state. In other words, we
assume that the the oupation number nk of the quantum states (averaged over a ell of k spae) is muh less than 1.
With Einstein gravity, that assumption is mandatory if there have been ∆N ≫ ln(MP/H∗) e-folds of ination before
osmologial sales leave the horizon, beause the positive pressure P ∼ nk(k/a)4 from partiles with momentum of
order k/a would otherwise overwhelm the negative pressure P = −3M2PH2∗ that is required for ination [1, 67℄. The
ondition ∆N ≫ ln(MP/H∗) is quite mild, and will almost ertainly be satised for the shortest osmologial sale if
ination takes plae at the usual high sale H∗ ∼ 10−5MP.
Instead of using the negative frequeny mode funtion in Eq. (55), one might onsider using a linear ombination
of positive and negative frequenies. This orresponds to using annihilation operators
˜ˆak, related to the original ones
by a Bogoliubov transformation:
aˆk = αk ˜ˆak + βk ˜ˆa
†
k
, (56)
with |αk|2 = 1+ |βk|2. A Fok spae vetor, labelled by the eigenvalues of ˜ˆnk = ˜ˆa†k˜ˆak/L3, does not have well-dened
nk and does not have well-dened energy-momentum tensor either. In a state where ˜ˆnk has expetation value 〈˜ˆnk〉,
the expetation value of nˆk is
〈nˆk〉 = 〈˜ˆnk〉+ |βk|2
(
1 + 2〈˜ˆnk〉
)
. (57)
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The expetation value of the energy-momentum tensor in this state is that of a gas with oupation number 〈nˆk〉. As
in the previous paragraph, it is reasonable to require this oupation number is muh less than 1, in order to ensure
that the positive pressure of the gas will not be signiant at the beginning of ination. Looking at Eq. (57), we see
that this requires |βk| ≪ 1. In words, the initial mode funtion annot be muh dierent from the negative frequeny
mode funtion in Eq. (55)
#15
.
This argument for the hoie of the negative frequeny solution relies on the fat that it minimizes the energy density
and the pressure, of the gas of partiles that will be present if any other hoie is made. The standard argument
[68℄ invokes only the energy density, whih by itself would not be dangerous. Indeed, one is already disounting the
vauum energy density ρvac, whih is permissible beause it omes with Pvac = −ρvac.
C. Spetrum of the perturbation
To alulate the spetrum of ϕ, we identify the ensemble average in Eq. (2) as a vauum expetation value, with ϕ
replaed by ϕˆ. Then
2π2
k3
Pϕ(k, τ) = |ϕ(k, τ)|2 . (58)
Apart from the reality ondition, there is no orrelation between dierent Fourier omponents, beause there is no
orrelation between their vauum utuations and no oupling between their evolution equations. In other words, the
perturbation ϕ is Gaussian in the linear approximation that we are using.
The mode funtion is the solution of Eq. (49) with the initial ondition Eq. (55). For m = 0 it is
ϕ(k, τ) = − i√
2k
(kτ − i)
kτ
. (59)
Well after horizon exit this gives
Pδφ = Pϕ
a2
≈
(
H
2π
)2
. (60)
Keeping m, we an write Eq. (49) as[
∂2τ −
(
ν2 − 1
4
)
τ−2 + k2
]
ϕ(k, τ) = 0 , (61)
with
#16
ν = +
√
9
4
−
(m
H
)2
. (62)
This is the Bessel equation with independent solutions Jν(kτ) and J−ν(kτ). The solution satisfying the initial
ondition is
ϕ(k, τ) =
√
π
aH
ei
pi
2 (ν−
1
2 )
1− ei2piν [Jν(kτ) − e
ipiνJ−ν(kτ)] . (63)
Well after horizon exit this gives
ϕ(k, τ) ≃ eipi2 (ν− 12 ) 2
νΓ(ν)
23/2Γ(32 )
1√
2k
(−kτ) 12−ν . (64)
The eld beomes lassial in the sense that [ϕˆ(k, τ), ∂τ ϕˆ(k, τ)] tends to zero [2℄, provided that ν is real. This ondition
orresponds to m2 < 94H
2
. We rejet the regime m2 ≪ −H2 beause the spetrum is too steep to be of interest.
#15
Of ourse, it also requires that the state is lose to the vauum state, orresponding to 〈˜ˆnk〉 ≪ 1.
#16
As indiated we hoose the positive sign.
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In any ase, the alulation almost ertainly beomes invalid in this regime for two reasons. First, the unperturbed
eld φ will roll rapidly away from the origin, making it unlikely that the negleted terms of the potential in Eq. (43)
remain negligible over the several Hubble times that it takes for relevant sales to leave the horizon. Seond, the
bak-reation of the perturbation on the metri will probably not be negligible. These are the onsiderations that
require the light eld ondition in Eq. (48). Applied to negative m2, this ondition is equivalent to ν >∼ 1.
Well after horizon exit Eq. (64) gives
Pδφ ≃ 8π|Γ(1− ν)|
−2
(1− cos 2πν)
(
H
2π
)2 (
k
2aH
)3−2ν
≃
(
H
2π
)2(
k
aH
)nscalar−1
, (65)
nscalar − 1 = 3− 2ν ≃ 2m
2
3H2
. (66)
The nal equality is valid for |m2| ≪ H2.
Instead of taking φ to be massless, one might think that a more aurate early-time approximation would be
obtained by keeping the mass m. That is not the ase though, beause the lassiality ondition in Eq. (48) means
that the eet of m is no bigger than the eet of the expansion rate H . Beause m is so small, we annot regard it
as a mass term in a at spaetime quantum eld theory.
D. Spetral tilt
The sale dependene given by Eqs. (65) and (66) an be understood in the following way. Soon after horizon exit,
when the lassial perturbation rst emerges, its spetrum is roughly independent of m, and hene ≃ (H/2π)2. After
that, the perturbation evolves aording to Eq. (49) with k2 = 0, whih gives the seond fator of Eq. (65).
Even more simply, we an understand the sale dependene just from the unperturbed equation (47). It is the same
as Eq. (49) with k = 0 and has two independent solutions. One is proportional to a2(ν−1) and the other to a2(−ν−1).
The seond solution deays relative to the rst by a fator a−4ν , and one expets that it will beome negligible soon
after horizon exit
#17
. Using the rst solution we again arrive at Eqs. (65) and (66).
The urvature perturbation is given in terms of the salar eld perturbations by Eq. (25). Let us take the initial
epoh in that equation to be after all osmologial sales have left the horizon, but not too long after. Then the
estimate Eq. (65) should apply to eah salar eld perturbation. Supposing that a single salar eld perturbation
dominates ζ, and using the tree-level expression for Pζ , the spetral index n of ζ will obviously be equal to the spetral
index nscalar of the salar eld. The observed spetral tilt value n− 1 ≃ −0.04 suggests that the light eld ondition
in Eq. (48) is very well satised by the relevant eld.
Sine the tree-level expression for Pζ treats the eld perturbations linearly, one an instead alulate the spetral
index of ζ using the `horizon-rossing trik', whereby the initial epoh is instead taken to be a xed number of Hubble
times after horizon exit for the sale k. This tehnique allows one to easily inlude a slow variation of H , dened
by ǫH ≡ −H˙/H2. It redues n by an amount 6ǫH if φ is the inaton and by 2ǫH otherwise. The horizon rossing
tehnique also allows one to write down a formula for n if several salar elds ontribute, in terms of the rst and
seond derivatives of the potential at horizon exit [1, 12, 67℄.
VI. GAUGE FIELD PERTURBATION FROM A TIME-DEPENDENT GAUGE COUPLING
In this setion and the next, we see how a vetor eld perturbation may be generated. In this setion we work with
the following eetive ation during almost-exponential ination:
S =
∫
dτd3x
√−g
[
−1
4
f2(τ)FµνF
µν − . . .
]
, (67)
#17
Unless ν is lose to 1 orresponding to nscalar ≃ 4.
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where Fµν = ∂µBν − ∂νBµ is the eld strength with Bµ a gauge eld. It an be written
S =
∫
dτd3x
[
−1
4
f2(τ)FµνF
µν − . . .
]
, (68)
where now the indies are raised with ηµν instead of gµν .
If f is time-independent it an be set equal to 1 beause any onstant value an be absorbed into Bµ. Otherwise, f
represents a time-dependent gauge oupling. To respet invariane under time displaement, f should be a funtion
of one or more elds with no expliit time dependene.
As with the salar eld, there is no need to assume Einstein gravity during ination. The other terms in the ation
are supposed to give ination with pratially onstant H , and to generate f(τ) without having any other eet on
the evolution of the gauge eld during ination. For that to be the ase, any salar eld oupled to Bµ must have
zero value (no spontaneous symmetry breaking) with negligible quantum utuation around that value.
Starting with Ref. [69℄, this ation has been widely onsidered for the generation of a primordial magneti eld, and
it has reently been onsidered [8℄ for the generation of a vetor eld perturbation that an generate a ontribution
to ζ. In the latter ontext, an extension to inlude a mass term is studied in Refs. [5, 70℄.
By a hoie of gauge we set B0 and ∂jB
j
equal to zero. We assume almost exponential ination and work with the
perturbation
Ai ≡ fδBi ≡ aδAi . (69)
We are absorbing f into the denition of the physial eld Ai even though it is supposed to be varying while
osmologial sales are leaving the horizon. At some stage f will beome time-independent making Ai indeed the
physial gauge eld.
The perturbation has only transverse omponents, whih satisfy the eld equation
A′′λ(k, τ) +
(
k2 − f
′′
f
)
Aλ(k, τ) = 0 , (70)
with λ = L or R. The prime denotes d/dτ .
The quantization is just like the salar ase [71℄. Eah Aλ has the salar eld ation in Eq. (51), with (am˜)2
replaed by −f ′′/f . We write
Aˆi(x, τ) =
∫
d3k
(2π)3
∑
λ
[
eλi (kˆ)aˆλ(k)Aλ(k, τ)eik·x + eλ∗i (kˆ)aˆ†λ(k)A∗λ(k, τ)e−ik·x
]
, (71)
with the sum going only over λ = L,R. The ommutator is[
aˆλ(k), aˆ
†
λ′ (k
′)
]
= (2π)3δ(k − k′)δλλ′ , (72)
and the Wronskan of Aλ(k, τ) is −i. Well before horizon exit f ′′/f is supposed to be negligible and one adopts the
initial ondition
Aλ(k, τ) = e
−ikτ
√
2k
, (73)
as well as the Fok spae, and one assumes that the state is lose to the vauum state. These assumptions an be
justied in the same way as for the salar eld ase.
Following Refs. [8, 71℄ we adopt the parameterisation f ∝ aα. Then Eq. (70) has the same form as Eq. (61) for the
salar eld perturbation: [
∂2τ −
(
ν2 − 1
4
)
τ−2 + k2
]
Aλ(k, τ) = 0 , (74)
with ν =
∣∣α+ 12 ∣∣. Well after horizon exit, it leads to a lassial perturbation with the spetrum
Pλ(k, τ) = k
3
2π2
1
a2
|Aλ(k, τ)|2 . (75)
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Using the solution of Eq. (74) with the initial ondition in Eq. (73) we have
PL = PR ≡ P+ ≃
(
H
2π
)2(
k
aH
)nvec−1
, (76)
nvec − 1 = 3− 2
∣∣∣∣α+ 12
∣∣∣∣ . (77)
The spetrum is sale invariant if α = −2 or α = 1 #18.
Sine ν is always real, the vauum utuation always gives a lassial perturbation after horizon exit. We rejet
ν ≫ 1 (equivalent to α≫ 1) beause the predited spetrum is too steep to be of interest.
As was pointed out in Ref. [72℄, a lassial perturbation is obtained even with the standard gauge oupling
orresponding to α = 0. In that ase the evolution of the mode funtion is not aeted by horizon exit and nvec−1 = 2.
This an be traed to the fat that the ation is invariant under a onformal transformation of the metri, whih
means that we an go to the at spaetime metri. After horizon entry during the post-ination era, lassiality is
lost and we reover the vauum state of the late-time quantum eld theory, but that is of no onern in the present
ontext. Of ourse it prevents one using the standard ation to generate a primordial magneti eld (quite apart from
the fat that the spetral index would anyway be too big for the eld to be useful).
Taking H to be onstant, the ontribution of the vetor eld ontribution to ζ has spetral index index nvec. As in
Eq. (11) the vetor ontribution ould dominate on small sales, and even the onformal invariant tilt nvec − 1 = 2
might be allowed by the bound in Eq. (9) though that would need a rather low value N(kmax) ∼ 10.
VII. VECTOR FIELD PERTURBATION WITH COUPLING TO R
A. The ation
As an alternative to the previous ase, we now onsider the following eetive ation during ination:
S =
∫
dτd3x
√−g
[
1
2
m2PR−
1
4
FµνF
µν − 1
2
(
m2 +
1
6
R
)
BµB
µ − . . .
]
. (78)
The third term of this ation violates gauge invariane. As a result, one annot use gauge invariane to motivate
the partiular form of the kineti term, and one annot use any other internal symmetry either. The most general
quadrati kineti term onsistent with Lorentz invariane is [15℄
Lkin = −β1∇µBν∇µBν − β2 (∇µBµ)2 − β3∇µBν∇νBµ , (79)
with ∇ being the ovariant derivative. Gauge invariane requires β1 = −β3, whih is the only restrition provided by
symmetry onsiderations. The ation in Eq. (78) invokes that ondition, without the justiation of gauge invariane.
The motivation for the ation in Eq. (78) omes, not from symmetry onsiderations but beause it has two
remarkable properties. One property onerns the perturbation δBµ that is generated from the vauum utuation.
As we will show in this setion, the spetrum of the perturbation is sale-invariant if m = 0, for both the transverse
and longitudinal perturbations. This alulation of the spetrum invokes no theory of gravity. The other remarkable
property onerns the theory of gravity and will be desribed in Setion IX (generalizing the ation to inlude an
arbitrary number of vetor elds). These speial properties perhaps suggest that the ation in Eq. (78) an emerge
in a natural way, in the ontext of eld theory or perhaps string theory.
Muh of the literature, starting with Ref. [73℄, goes further and identies the eld Bµ in Eq. (78) with the
eletromagneti eld. That requires its ouplings to other elds (inluding the known Standard Model elds) to be of
the standard gauge-invariant form even though there is no gauge invariane
#19
. It seems to us to be a step too far,
when one an as well generate a primordial magneti eld using the gauge invariant ation of the previous setion.
We require the other terms of the ation to generate ination, without aeting the evolution of Bµ during ination.
For that to be the ase, any terms oupling Bµ to salar elds should have a negligible eet. There is no reason to
#18
In Ref. [8℄ this is given inorretly as α = −1. Note that the value α = 2, advoated in Ref. [71℄ in the ontext of a primordial magneti
eld, makes the energy density rather than the eld perturbation sale invariant.
#19
The form of the oupling of the photon to spin half elds is ompletely determined by renormalizability, but not the form of its oupling
to the W± and Higgs elds.
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suppose that suh oupling ours through the gauge-invariant terms of the form −Dµφ(Dµφ)∗. But if for instane a
(global or gauge) U(1) symmetry ats on the phase of φ but not on Bµ one might have a term of the form −|φ|2BµBµ
and then we are requiring that the the U(1) is unbroken with negligible quantum utuation, just as in the gauge-
invariant ase exept that the U(1) now has nothing to do with Bµ.
B. Generating the eld perturbation
As the ation in Eq. (78) ontains no time derivative for the time omponent B0, this omponent is related to the
spae omponents Bi by a onstraint equation
#20
. We take the spaetime metri to be unperturbed.
The unperturbed eld has zero time omponent, and the spae omponents of the physial eld Ai = Bi/a satisfy
[7, 73℄
A¨i + 3HA˙i +m
2Ai = 0 . (80)
This is the same as for a salar eld with mass-squared m2.
As in the previous setion, we work with the perturbation of the physial eld, Ai ≡ aδAi ≡ δBi. We expand its
operator in the form given by Eq. (71), inluding now the longitudinal mode sine there is no gauge invariane.
Consider rst the transverse modes, λ = L,R. They satisfy the equation [5, 7℄[
∂2τ + a
2m˜2 + k2
]Aλ = 0 , (81)
where
#21
m˜2 = m2 +
1
6
R = m2 − 2H2 . (82)
This is the same as for a salar eld with mass-squaredm2. The ation for eah of Aλ is also the same [66℄. We adopt
the initial ondition, the Fok spae, and the vauum state assumption, with the same justiation as in the salar
eld ase. Then
P+ ≃
(
H
2π
)2(
k
aH
)nvec−1
, (83)
nvec − 1 = 3− 2ν ≃ 2m
2
3H2
, ν ≡
√
9
4
− m
2
H2
. (84)
A lassial perturbation is generated if ν is real orresponding to m2 < 9H2/4. As with the salar ase, we rejet the
ase m2 ≪ −H2. The spetrum is too steep to be of interest, and anyway the evolution of Ai would be so rapid that
additional terms in Eq. (78) (required to stabilize Ai) ould hardly remain negligible over the several Hubble times
that it takes for osmologial sales to leave the horizon. We therefore require
−H2 <∼ m2 <
9
4
H2 . (85)
As advertised, the tilt vanishes if m = 0.
Now we disuss the quantization of the longitudinal perturbation. Its mode funtion satises [5℄[
∂2τ +
2k2aH
(k2 + a2m˜2)
∂τ +
(
k2 + a2m˜2
)]Along = 0 . (86)
For m = 0 orresponding to m˜2 = −2H2, the independent solutions (given here for the rst time) are
A±long(kτ) ∝
(
−kτ + 2
kτ
± 2i
)
e∓ikτ . (87)
We see that the solutions are regular even at the point where the round braket in Eq. (86) vanishes.
#20
For a generi hoie of the kineti term, B0 beomes an independent eld. Its perturbation is onsidered in Ref. [74, 75℄.
#21
We used the relation R = −12H2, valid during exponential ination.
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We an show that the solution of Eq. (86) is non-singular even for m2 6= 0. This an be done by using the Frobenius
method for dierential equations with regular singular points (see for example Ref. [76℄). First we make a hange of
variables
y ≡
(
k
a |m˜|
)2
− 1 , (88)
with y varying in the region −1 < y <∞. Eq. (86) with this transformation translates into the form[
∂2y −
1
2
(y + 2)
y(y + 1)
∂y +
∣∣m˜2∣∣
H2
y
4 (y + 1)2
]
Along = 0 , (89)
with m˜2 < 0 and the regular singular point at y → 0. The general solution of this equation an be found using the
ansatz
Along =
∞∑
n=0
Dny
s+n , (90)
where D0 6= 0. In this ase the series in Eq. (90) is onvergent at least in the region −1 < y < 1 without a singular
point. We will show that it onverges even at this point and that the ansatz in Eq. (90) gives two independent
solutions. To show this let us substitute Eq. (90) into Eq. (89) giving
∞∑
n=0
Dn
[
4 (s+ n) (s+ n− 2) ys+n−2 + 8 (s+ n)
(
s+ n− 7
4
)
ys+n−1+
+4 (s+ n)
(
s+ n− 3
2
)
ys+n +
∣∣m˜2∣∣
H2
ys+n+1
]
= 0 . (91)
In order for the equality in Eq. (91) to be valid, oeients in front of eah y with the same power must vanish.
The oeient in front of the term with the smallest power, i.e. ys−2, is 4D0s (s− 2). Beause D0 6= 0, from the
indiial equation s (s− 2) = 0 we nd
s = 0 , or s = 2 . (92)
Beause these two solutions dier by an integer, it might be alarming that the general solution of Eq. (89) might
involve the logarithm. However, by loser inspetion of Eq. (91) we nd that the oeient D2 of the series with
s = 0 is arbitrary, thus the power series in Eq. (90) with s = 0 and s = 2 give two independent solutions. And
beause the series does not involve negative powers of y, i.e. s ≥ 0, it onverges at the singular point y → 0.
The ation orresponding to Eq. (86) is
#22
Slong =
1
2
∫
dτd3kL , (93)
L = (am˜)2
[
|A′long(k, τ)|2
k2 + (am˜)2
− |Along(k, τ)|2
]
. (94)
To set the initial ondition well before horizon entry we dene A˜ = (a|m˜|/k)Along. In the regime a|m˜| ≪ k,
L = ±
(
|A˜′|2 − k2|A˜|2
)
, (95)
where the sign ± is that of m˜2, hene negative for the ase of interest m˜2 ≃ −2H2∗ .
Exept for the negative sign this is same as for the salar eld ase. To quantize it we assume the same initial
ondition A˜ = exp(−ikτ)/√2k, and adopt the vauum state. The justiation for these assumptions is similar to the
#22
This is given for the ase m˜2 = −2H2 in Ref. [66℄, and it an be derived by perturbing the full ation. Of ourse it is unique only up
to a total derivative.
20
one that holds for the salar eld (and transverse vetor eld), but not idential beause of the negative sign. Beause
of this sign, oupied initial states would have negative energy density and pressure, P = ρ/3 ∼ −nk(k/a)4. As the
pressure is negative it is not dangerous for ination. Instead, it is the negative energy density that is dangerous. As
the total energy density is required to be positive, the negative ontribution of oupied states has to be less than the
total at the beginning of ination. Assuming as before ∆N ≫ MP/H∗ e-folds of ination before osmologial sales
leave the horizon, this again requires oupation number muh less than 1, justifying both the hoie of initial mode
funtion and the assumption of the vauum state.
The spetrum Plong is given by Eq. (75). For m = 0, orresponding to m˜2 = −2H2, we nd well after horizon exit
Plong = 2
(
H
2π
)2
= 2P+ . (96)
This orresponds to rlong = 2, whih aording to the disussion at the end of Setion IVB1 means that the vetor
eld perturbation annot generate the dominant ontribution to the urvature perturbation.
It has been suggested [65, 66℄ that the ation in Eq. (94) does not orrespond to a well dened quantum eld theory
for negative m˜2. We have demonstrated that there is a well dened quantum eld theory even in this ase. Before
the epoh |am˜|2 = k2, a negative m˜2 orresponds to a negative kineti term in the ation. This will ause some
degree of instability when more terms are inluded in the ation, orresponding to the interation of Along with other
elds and/or gravity. But suh interations are assumed to be negligible whenever one onsiders the generation of a
gaussian lassial eld perturbation from the vauum utuation, and as we mentioned already has been justied for
both salar and vetor eld perturbations. In this onnetion, it is important to realise that the the negative sign
holds only before the epoh |am˜|2 = k2 whih is around the time of horizon exit. Also, that only a limited number of
e-folds of ination take plae between the emergene of k/a from the Plank sale and horizon exit, whih means that
there is only a limited amount of time for the presumably small interations of Along to have any eet. After horizon
exit, the evolution at eah loation is given by the lassial expression in Eq. (80) and we have no more need of the
quantum theory. Aording to the lassial expression Ai is slowly varying. It moves towards zero if m
2
is positive.
If instead m2 is negative moves towards the vev of Ai. That vev will be at the minimum of the potential V (BµB
µ),
whose leading term m2BµB
µ/2 is displayed in the ation in Eq. (78).
VIII. VECTOR CURVATON
We have desribed two mehanisms that an generate a vetor eld perturbation from the vauum utuation.
In this setion and the next we desribe two mehanisms by whih suh a perturbation an give a ontribution to
the urvature perturbation. We begin in this setion with the vetor urvaton mehanism [5℄. This is the urvaton
mehanism [46, 47, 48, 49℄, using a vetor eld instead of the usual salar eld.
The vetor urvaton eld Ai(x, τ) is smoothed on a sale somewhat below the shortest osmologial sale and it
has a perturbation a−1Ai = δAi. After horizon exit during ination, the spatial gradient of Ai beomes negligible
and it evolves at eah point as an unperturbed eld. In the simplest urvaton senario, whih we adopt, the evolution
is negligible during and after ination, until some epoh when Ai begins to osillate. At this epoh, there is supposed
to be Einstein gravity and the eetive ation is supposed to be
S =
∫
dτd3x
√−g
[
−1
4
FµνF
µν − 1
2
m2BµB
µ − . . .
]
. (97)
This is the ation of a massive vetor eld, living in the expanding Universe whih is taken to be unperturbed. When
H falls below the mass m, the eld begins to osillate with angular frequeny m. As the spatial gradient is negligible,
the osillation is a standing wave whose initial amplitude varies with position.
As originally proposed, the vetor urvaton senario generates the perturbation δAi with essentially the ation in
Eq. (78), taking m2 to be a onstant parameter whih during ination is negligible. For the present purpose there is
no need to say how the perturbation is generated.
The energy density of the osillation is, in terms of the physial eld Ai = Bi/a,
ρA(x, t) ≃ 1
2
m2|A(x, t)|2
(
astart
a(t)
)3
(98)
=
1
2
m2
(|A|2 + 2AiδAi(x) + δAi(x)δAi(x))
(
astart
a(t)
)3
, (99)
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where astart is the sale fator just before the osillation starts. In the seond line, A is the unperturbed value just
before the osillation starts and δA(x) is its perturbation. The osillation amplitude falls like a−3/2, and is pratially
onstant during one osillation. As a result, the stress is pratially zero just as in the salar eld ase [5℄. We take
the deay to be instantaneous, whih from the salar eld ase we know will be an adequate approximation.
The ontribution of ρA to the total energy density is supposed to be initially negligible, and with it the ontribution
ζA of δAi to ζ. But the osillation is supposed to take plae in a radiation bakground, so that ρA/ρ grows like a(t)
and ζA beomes signiant.
To alulate ζA we will use the following expression [49℄:
ζA =
1
3
ΩA
δρA
ρA
, (100)
ΩA ≡ 3ρA
3ρA + 4ρr
≃ ρA
ρ
, (101)
where ρ = ρA + ρr. This expression is valid to rst order in δρA, whih is evaluated on a `at' slie where a(x, t) is
unperturbed.
We take the urvaton to deay instantly (sudden-deay approximation) and evaluate ζA just before the urvaton
deays, assuming that ζ is onstant thereafer. The nal equality in Eq. (101) is justied beause the sudden deay
approximation gives an error of similar magnitude, both errors disappearing in the limit ΩA = 1. Evaluating δρA to
rst order we have
ζA =
2
3
ΩA
AiδAi
|A|2 . (102)
The tree-level ontribution to the spetrum is
PζA(k) =
4
9
Ω2A
|A|2P+(k)
[
1 + (rlong − 1) (Aˆ · kˆ)2
]
, (103)
where Aˆ ≡ A/|A|.
The spetum P+(k) is to be evaluated just before the osillation starts. In Ref. [14℄ it is taken to be the same as
that at the initial epoh during ination and that in turn is supposed to be generated from the ation in Eq. (78).
Then P+ is given by Eq. (83) with nvec pratially equal to 1.
Evaluating δρA to seond order we have [10℄
ζA =
2
3
ΩA
AiδAi
|A|2 +
1
3
ΩA
δAiδAi
|A|2 . (104)
This is valid only for ΩA ≪ 1. To handle the ase ΩA ≃ 1 one ould go to seond order in δρA, or muh more simply
evaluate N and hene δN diretly#23. All of this is the same as for a salar eld ontribution, where the evaluation
of N was done in Ref. [10℄. We shall not pursue the ase ΩA ≃ 1 in the present paper.
Our Eq. (102) is Eq. (64) of Ref. [5℄, generalized to allow ΩA < 1 and written to exhibit manifest invariane under
rotations. The spetrum PζA was not alulated in Ref. [5℄ but it was impliitely assumed to be rotationally invariant
so that it ould be the dominant ontribution.
In aordane with the disussion at the end of Setion IVB1, this realisation of the vetor urvaton mehanism
annot give the dominant ontribution to ζ. It ould do so by invoking several vetor urvaton elds. We note that
the ase of several salar urvaton elds has been onsidered in Ref. [77℄.
IX. VECTOR INFLATION
Reently, it has been proposed [14℄ (see also Refs. [78, 79, 80℄) that ination an be driven by a large number of
independent vetor elds. They onsidered only the unperturbed ase, and invoked the large number to make the
unperturbed metri pratially isotropi. We onsider the perturbation.
#23
To rst order in δρA, one nds by that method N
i
A
= 2ΩAAi/3|A|
2
, in agreement with Eqs. (102) and (104).
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The ation is Eq. (78), extended to inlude many vetor elds:
S =
∫
dτd3x
√−g
{
1
2
m2PR−
∑
b
[
1
4
F (b)µν F
(b)µν − 1
2
(
m2 +
1
6
R
)
B(b)µ B
(b)µ
]
− . . .
}
. (105)
As it is supposed to apply throughout ination (starting with the approah of horizon exit for the largest osmologial
sale k ∼ H0), the additional terms are supposed to be negligible throughout that era, and not just while osmologial
sales are leaving the horizon. Also, the ation is supposed to dene the theory of gravity as well as the dynamis of
the vetor elds.
Consider rst the unperturbed elds B
(b)
i (τ). Beause eah of them has a diretion, the expansion is not generally
isotropi but the anisotropy an be negligible if there is a large number of randomly oriented elds [14℄ whih is
assumed. Given a large number of elds, the randomness assumption is well justied beause, as stated in Setion III,
the unperturbed eld values are dened as spatial averages within a hosen box, whose loation is random. By the
same token, it does not seem reasonable to replae the randomness assumption by the assumption that there are three
elds whose unperturbed values are orthonormal, though that would also give unperturbed spaetime [37, 38℄
#24
.
Varying the ation with respet to an unperturbed eld, one nds that Eq. (80) is satised. Varying the ation
instead with respet to the spaetime metri gives the right hand side of the Einstein eld equation, whih we take
as the denition of the energy momentum tensor. For a generi spaetime, the term oupling R to the vetor elds
would make the form of this energy momentum tensor dependent on the metri; in other words it would modify
Einstein gravity. Remarkably though, the modiation is negligible when spaetime is pratially unperturbed [14℄.
As a result we have the usual expressions, depending only on the vetor eld:
ρ =
1
2
∑
b,i
[(
A˙
(b)
i
)2
+m2
(
A
(b)
i
)2]
, (106)
P =
1
2
∑
b,i
[(
A˙
(b)
i
)2
−m2
(
A
(b)
i
)2]
. (107)
The Friedmann equation therefore takes the usual form, 3m2PH
2 = ρ.
From Eqs. (80), (106), and (107) we see that eah omponent of the unperturbed eld is equivalent to a salar eld.
In the regime H2 >∼ m2 there is ination, with
H2 ≃ 1
6
m2
m2P
∑
b
|A(b)|2 . (108)
It follows that the number of e-folds to the end of ination is given by the same expression as in the salar eld ase
[11, 81℄:
N ≃ 1
4m2P
∑
b
|A(b)|2 . (109)
Now we onsider the urvature perturbation generated by vetor ination. It turns out to be pratially the same as
if the eld omponents are replaed by salar elds and that ase has already been worked out using the δN formalism
[81℄. The derivatives of N for use in the δN formula are given by Eq. (109):
N iA(b) =
A
(b)
i
2m2P
, N ij
A(a)A(b)
=
1
2m2P
δijδab . (110)
The transverse spetrum P+ of the eld perturbations are given by Eqs. (76) and (77) (the same as for a salar eld)
and the longitudinal spetra are Plong = 2P+.
The spetrum Pζ is given by Eq. (37) (without the salar ontribution), summed over all of the vetor elds using
NA(b) = A
(b)/2m2P . Sine m
2 ≪ H2, we have P+ ≃ (Hk/2π)2 for eah eld, where Hk is the Hubble parameter when
#24
The hoie might be justied on anthropi grounds if isotropi expansion was favoured on those grounds but that there is no suggestion
that suh is the ase. In partiular there is no suggestion that the 30% or so of anisotropy allowed by present data is anthropially
disfavoured.
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the sale k leaves the horizon. Sine there are a large number of randomly oriented elds we an pretend that they
all have the same magnitude when evaluating the seond term. Sine the average of cos2 is 1/2, this gives
Pζ(k) = 3
2
N
(
Hk
2πmP
)2
. (111)
Exept for the fator 3/2, the spetrum is the same as was found for the salar eld ase [81℄. Suh a result is
independent of the number of elds.
Assuming that N ≃ 55 e-folds of ination take plae after the observable Universe leaves the horizon, the observed
magnitude of Pζ is reprodued if H ≃ 1014GeV at the end of ination#25. The non-gaussianity is negligible and the
spetral index is n = 1− 2/N .
In Ref. [79℄ (see also Ref. [80℄) the tensor perturbation δhij is also onsidered, atually for a wide lass of vetor
ination models inluding the one onsidered here. The tensor perturbation is supposed to live in unperturbed
spaetime, as in the standard alulation desribed in Setion IIIA 2. But beause the ation in Eq. (105) does
not orrespond to Einstein gravity its linear evolution equation diers from Eq. (20). It is found that δhij an have
signiant time dependene, whih makes it diult to see how the predition an be ompared with observation.
To avoid these problems, one should go to the Einstein frame by making a onformal transformation of the metri.
Suppose that we have an ation of the form
S =
∫
dτd3x
√−g [fR+ Lmatter(gµν , · · ·)] , (112)
with f being any salar funtion of bosoni elds, and Lmatter a funtion of the bosoni elds that is obtained from a
at spaetime expression through the replaements ηµν → gµν and ∂µ →▽µ where ▽µ is the ovariant derivative#26.
Now we make a onformal transformation of the metri, g˜µν = exp(2Ω)gµν with exp(2Ω) ≡ 2f/m2P . After dropping
a total derivative this gives [82℄
S˜ =
∫
dτd3x
√
−g˜
(
1
2
m2P R˜+ Lmatter
)
(113)
L˜matter ≡ 2▽˜µΩ▽˜µΩ+ e2ΩLmatter(gµν(g˜µν), · · ·) . (114)
The usual appliation [82, 83℄ is to slow roll ination, with f(φ) a funtion of just the inaton eld φ. Then the
onformal transformation just gives φ a non-anonial kineti term. The single eld φ an be redened to have a
anonial kineti term, so that we again have slow roll ination though with a dierent potential.
In our ase,
2f = m2P +
1
6
∑
b
B(b)µ B
(b)µ. (115)
Sine f is slowly varying, there is almost exponential ination in the Einstein frame just as in the original frame, with
pratially the same Hubble parameter H∗. Now though, L˜matter is a ompliated funtion, making the Einstein frame
ompletely unsuitable for the alulation of the vetor eld perturbations, and hene of the urvature perturbation.
It is however the one in whih one should alulate the tensor perturbation.
Indeed, the standard rst-order osmologial perturbation theory alulation desribed in Setion IIIA 2 will apply
in the Einstein frame, provided that the number of vetor elds is large enough to make the anisotropi stress tensor
negligible. The linear evolution of the tensor perturbation in the Einstein frame is then given by Eq. (20), and the
spetrum is given by Eq. (21). The tensor fration r ≡ Pten/Pζ is therefore given by the same formula as in the salar
eld ase, whih is [81℄ r = 8/N .
Unfortunately these ombined preditions for n and r are disfavoured by observation [18℄. Making the masses
unequal would make the spetral index even less than one without altering r [81℄, whih inreases the disagreement
with observation. Therefore, the dominant ontribution to ζ probably has to be generated after ination.
Finally, we mention that in Ref. [79℄, more general vetor ination models are onstruted, with the mass term
replaed by a more general potential. These models are again equivalent to models with a large number of salar
#25
With a standard osmology after ination, this high ination sale indeed orresponds to N ≃ 55.
#26
This means that Lmatter is obtained from a at spaetime expression using the equivalene priniple even though the dependene of
f upon the bosoni eds means that the full lagrangian violates the equivalene priniple. Using the vierbein formalism, Lmatter an
inlude spinor elds.
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elds. The spetra of the eld perturbations are the same as before (sine they invoke only almost exponential ination
without speifying its origin) but their eet on ζ depends in general on what happens at the end of ination [45℄,
whih is determined by other terms in the ation.
X. CONCLUSIONS
Until reently, it has been assumed that only salar elds play a signiant role during ination. Then the spetrum
of the urvature perturbation is statistially isotropi and homogeneous, and so are higher orrelators that would
orrespond to non-gaussianity. Now, it is being reognised that vetor elds might be signiant during ination. In
that ase, the orrelators of the urvature perturbation will at some level be anisotropi (though still homogeneous).
The anisotropy will our if an unperturbed vetor eld auses anisotropy in the expansion rate, beause that will
ause the orrelators of the salar eld perturbations to be anisotropi. It will also our if a vetor eld perturbation
ontributes signiantly to the urvature perturbation.
In this paper we have for the rst time given expressions for the spetrum and bispetrum of the urvature pertur-
bation, whih inlude the seond of these eets for a generi vetor eld.
On the theoretial side, we have for the rst time onsidered the generation from the vauum of a longitudinal
vetor eld omponent, whih will be present in the absene of gauge invariane. Taking its ation to be that in
Eq. (78), we have shown that it an be desribed by a quantum eld theory, aording to whih its spetrum is twie
that of the transverse eld omponents.
We have also given general formulas for the statistial anisotropy of the spetrum and bispetrum, in terms of the
longitudinal and transverse spetra of the nearly-gaussian vetor elds. On the observational side, this leads to a very
interesting situation regarding statistial anisotropy, whih is very similar to that obtained a few years ago regarding
non-gaussianity. The aepted mehanism for generating ζ, from the perturbation of the eld(s) responsible for slow
roll ination, predited negligible non-gaussianity [42℄, and gaussianity was taken for granted in most early analysis
of the observations. Starting with the urvaton model [46, 47, 48℄ it was found [49℄ that instead the non-gaussianity
ould be large, and this motivated an intensive searh for non-gaussianity.
Now that vetor eld ontributions to the urvature perturbation are under onsideration, statistial isotropy,
whih previously was taken for granted, should be reonsidered. We look forward to the opening up of a new area of
researh, in whih preditions for the anisotropy are developed, and onfronted with observation. In this ontext it
should be emphasised that the bispetrum (and higher orrelators) of the urvature perturbation might be ompletely
anisotropi
#27
, orresponding to the dominane by one or a few vetor elds.
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